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$-\Delta u=\lambda u^{-q}+u^{p}$ in $\Omega$ ,
$u=0$ on $\partial\Omega$ .
$\Omega$ $\mathbb{R}^{N}$ $\lambda>0,$ $q$ >0, $p>1$ $\partial\Omega$ $C^{3}$ . Coclite-
Palmieri [2] $0<\lambda<\tilde{\lambda}$ (1.1) 1 $\lambda>\tilde{\lambda}$
(1.1) $\tilde{\lambda}>0$
(1.2) $\{$
$-\Delta u=\lambda u^{q}+u^{p}$ in $\Omega$ ,
$u=0$ on $\partial\Omega$
$\partial\Omega$ $0<q<1<p\leq 2^{*}-1$ Ambrosetti-Brezis-Cerami [1]
$\lambda^{*}=\sup$ { $\lambda>0$ :(1.2) } $\lambda\in(0, \lambda*)$ (1.2)
2










$u$ (1.1) $\Omega$ $u>0$ $u\in H_{0}^{1}$ (\Omega )
$\psi\in C_{0}^{\infty}(\Omega)$
$/$ ($\nabla u\nabla\psi-\lambda u^{-q}$Q $-u^{p_{t}}\psi$)$)dx=0$
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(2.1) $I_{p,q,\lambda}u= \frac{1}{2}\int_{\Omega}|\nabla$u $|^{2}dx- \frac{\lambda}{1-q}\int_{\Omega}|$u $|^{1-q}dx- \frac{1}{p+1}\int_{\Omega}|$u $|^{\mathrm{p}+1}dx$ , $u\in H_{0}^{1}(\Omega)$
$I_{p,q,\lambda}$ : $H_{0}^{1}(\Omega)arrow \mathbb{R}$




$\mathrm{A}=\sup\{\lambda>0$ : $u\in H_{+}$
$t\mapsto I_{p,q,\lambda}(tu):(0, \infty)arrow \mathbb{R}$ 2 $(0, \infty)$ }





2(critical ). $0<q<1$ $p=2^{*}-1$
$\Lambda_{*}=\sup\{\lambda>0$ : $u\in H_{+}$ $I_{p,q,\lambda}(tu)\geq 0$ $t>0$
$\sup\{\int_{\Omega}|\nabla u|^{2}d$x: $u\in H_{+},$ $\frac{d}{dt}I_{p,q,\lambda}(t\prime u)|_{t=1}=0$ ,
$\frac{d^{2}}{dt^{2}}I_{p,q,\lambda}(tu)|_{t=1}>0\}\leq(\frac{2^{*}}{2})^{\frac{2}{2^{*}-2}}S^{\frac{2^{*}}{2^{*}-2}}\}$
$S= \inf\{\int_{\Omega}|\nabla u|^{2}dx$ : $u\in H_{0}^{1}(\Omega),$ $\int_{\Omega}|$u $|^{2^{*}}dx$ $=1\}$
$\lambda\in(0,$ $\mathrm{A}$*] $C^{\infty}(\Omega)\cap L^{\infty}(\Omega)$ 2
(1.1)
$d$ : $\Omegaarrow$ [0, o)
$d(\cdot)=\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(\cdot, \partial\Omega)$ $a>0$
$\Omega_{a}=\{x\in\Omega : d(x)<a\}$
$a>0,$ $u\in H_{1\mathrm{o}\mathrm{c}}^{1}(\Omega),$ $v\in L_{1\mathrm{o}\mathrm{c}}^{1}(\Omega)$ $- \int_{\Omega}\nabla u\nabla\psi dx\leq\int_{\Omega}v$ \psi $dx$ $\psi\geq 0$
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}$ \psi \subset \Omega $\psi\in C_{0}^{\infty}(\Omega)$
$\Delta u\leq v$ in \Omega
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3($0<q<1$ ). $\lambda>0_{i}1<p\leq 2^{*}-1$
$\triangle d\leq Kd^{-\mu}$ in \Omega
$a>0,$ $K$ \geq 0, $\mu\in[q, 1)$ (1.1)
$u\leq Md$ $M$
4($q=1$ ). $\lambda>0,1<p\leq 2^{*}-1$
$\Delta d\leq Kd^{-1}(\ln(e/d))^{-\nu}$ $i$ n\Omega
$a>0,$ $K\geq 0_{f}\nu$ >1 (1.1) $u$
$\Omega_{\delta}$ $u\leq Md\sqrt{\ln(e}/d$) $M,$ $\delta>0$
3. 3, 4 $C$“ $(\Omega)\cap C$ (\Omega )
4. $\Omega$ $\Omega$ $C^{2}$ 3,
4
1. $x\in\partial\Omega$ { $|x-y|=R$ $\{z\in \mathbb{R}^{N} : |z-y|<R\}\cap\Omega=\emptyset$
$y\in \mathbb{R}^{N}$ $R>0$ $\Delta d\leq(N-1)/R$
$\Omega$ $\triangle d\leq 0$
3.
1 3 [3]
1 1 $H_{0}^{1}$ (\Omega ) $\Delta$ $||$ $|$ |
$||u||^{2}= \int_{\Omega}|\nabla$u|2 $dx$ , $u\in H_{0}^{1}(\Omega)$
$\alpha>0$




. $\lambda>0$ $u\in H_{+}$
$\frac{d}{dt}I_{p,q,\lambda}(tu)=t\int_{\Omega}|\nabla u|^{2}dx-\lambda t^{-q}\int_{\Omega}|u|^{1-q}dx-t^{p}\int_{\Omega}|u|^{p+1}dx$
$\geq t^{-q}||u||^{1-q}$ ( $(t||u||)^{1+q}-\lambda C_{1-q}-C_{p+1}($ t||u||)$p+q$)





$\lambda\in$ $(0, \Lambda)$ $\lambda$ $I=I_{p,q,\lambda}$ $u\in H_{+}$
$J_{u}$ : $(0, \infty)arrow \mathbb{R}$ $J_{u}(t)=I$ (tu) $\lambda\in(0, \Lambda)$ $u\in H_{+}$
$J_{u}$ $0<\underline{t}<\overline{t}$ $J_{u}’’(\underline{t})>0,$ $J_{u}’’(\underline{t})<0$
$\ovalbox{\tt\small REJECT}$
2 $\underline{t},$ $\overline{t}$ $\sqrt u$
$U=\{u\in H_{+}:$ $\int_{\Omega}|\nabla u|^{2}dx=\lambda\int_{\Omega}|u|^{1-q}dx+\int_{\Omega}|u|^{p+1}dx$ ,
$\int_{\Omega}|\nabla u|^{2}dx+\lambda q\int_{\Omega}|u|^{1-q}$dx-p $\int_{\Omega}|u|^{p+1}dx>0\}$ ,
$V=\{v\in H_{+}:$ $\int_{\Omega}|\nabla v|^{2}dx=\lambda\int_{\Omega}|v|^{1-q}dx+\int_{\Omega}|v|^{p+1}dx$ ,
$\int_{\Omega}|\nabla v|^{2}dx+\lambda q\int_{\Omega}|v|^{1-q}$ dx-p $\int_{\Omega}|v|^{p+1}dx<0\}$
$U,$ $V$
$U=\{u\in H_{+} : \sqrt’(u1)=0, J_{u}’’(1)>0\}=\{\underline{t}u:u\in H_{+}, \underline{t}>0, \sqrt{}’(u\underline{t})=0, \sqrt{}’’(u\underline{t})>0\}$ ,
$V=\{v\in H_{+v} : \sqrt{}’(1)=0, \sqrt{}’’(v1)<0\}=\{\overline{t}v : v\in H_{+}, \overline{t}>0, \mathrm{t}_{v}’(\overline{t})=0, \sqrt{}’’(v\overline{t})<0\}$
2.
(i) $\sup\{||u|| : u\in U\}<\infty$
(ii) $\inf\{||v|| : v\in V\}>0$ , $M$ $\sup\{||v|| : v\in V, Iv\leq M\}<\infty$
(iii) inf $I(U)>-\infty$ $\inf I(V)>-\infty$
. (i): $u\in U$ $0<J_{u}’’(1)= \int_{\Omega}|\nabla u|^{2}dx+\lambda q\int_{\Omega}|u|^{1-q}dx-p(\int_{\Omega}|\nabla u|^{2}dx-$
$\lambda\int_{\Omega}|u|^{1-q}d$x)
(3.1) $||u||^{1+q} \leq\frac{\lambda(p+q)C_{1-q}}{p-1}$
. (ii): $v\in V$ $||v||^{p-1}\geq(1+q)/((p+q)C_{p+l})$
$Iv\leq M$ $(1/2-1/(p+1))||v||^{2}-\lambda C_{1-q}(1/(1-q)-1/(p+1))||v||^{1-q}\leq M$
(iii):(i), (ii)
1
2. $Iu= \inf I(U),$ $Iv= \inf I(V)$ $\mathrm{c}\iota\in U_{y}v$ \in V
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. -. $Iu= \inf I$ (U) $u\in U$ $Iu_{n} arrow\inf I$(U)
$\{u_{n}\}$ $\subset U$ 2(i) $\{u_{n}\}$ $u\in H_{0}^{1}$ (\Omega )
$u=0$ $0=Iu\leq\varliminf Iu_{n}<0$ $u\in H_{+}$
$\{u_{n}\}$ $u$ $||u_{n}-u||arrow c>0$
$J_{u}’(1)+c^{2}=0$ $\lambda\in(0, \Lambda)$
$\sqrt’(u\underline{s})=\sqrt{}’(u\overline{s})=0$ $0<\underline{s}<\overline{s}$ $\underline{s}u\in U$ $\sqrt{}’(u1)<0$
$1<\underline{s}$ $\overline{s}<1$ $1<\underline{s}$
$\inf I(U)\geq J_{u}(1)+\frac{c^{2}}{2}>\sqrt u(1)>Jv(\underline{s})\geq\inf I(U)$
$\overline{s}<1$ $t>0$ $f(t)=\sqrt u(t)+c^{2}t^{2}/2$
$0<\overline{s}<1$ $f’(1)=0,$ $f’(\overline{s})=c^{2}\overline{s}>0$ $[\overline{s}, 1]$ $f$
$\inf I(U)\geq f(1)>f(\overline{s})>\sqrt u(\overline{S})>\sqrt u(\underline{s})\geq\inf I(U)$
$\{u_{n}\}$ $u$ $\lambda\in(0, \Lambda)$
$\sqrt{}’’(u1)>0$ $u\in U$ $Iu= \inf I$(U)
$Iv= \inf I(V)$ $v\in V$ $Iv_{n} arrow\inf I(V)$
$\{v_{n}\}\subset V$ 2(ii) $\{v_{n}\}$ $v\in H_{0}^{1}(\Omega)$
$v=0$ $\{v_{n}\}$ 0 2(ii)
$v\in H_{+}$ $\{v_{n}\}$ $v$
$||v_{n}-v||arrow a>0$
$\inf I(V)\geq Iv+\frac{a^{2}}{2}$ , $\sqrt{}’(v$1) $+a^{2}=0$ $J_{v}’’(1)+a^{2}\leq 0$
$\sqrt’(v1)<0$ $\sqrt{}’’(v1)<0$ $J_{v}’(\overline{t})$ $=0$ $J_{v}’’(\overline{t})<0$
$\overline{t}\in$ $(0, 1)$ $\overline{t}v\in V$ $t>0$ $g(t)=$
$\sqrt v(t)+a^{2}t^{2}/2$ $0<\overline{t}<1$ $g’(1)=0,$ $g’(\overline{t})=a^{2}\overline{t}>0$ $[t, 1]$ $g$
$\inf I(V)\geq g(1)>g(\overline{t})>I(\overline{t}v)\geq\inf I(V)$
$a=0$ $\{v_{n}\}$ $v$
$\lambda\in$ $(0, \Lambda)$ $\sqrt{}’’(v1)<0$ $v\in V$ $Iv= \inf I$(V)
1 2 $u\in U$ $v\in V$
3. $w\in H_{+}$
(i) $0\leq\epsilon<\epsilon_{0}$ $I(u+\epsilon w)\geq Iu$ $\epsilon_{0}$
(ii) $\epsilonarrow+0$ $t_{\epsilon}arrow 1$ $\epsilon\geq 0$ $t_{\epsilon}$ $t_{\epsilon}(v+\epsilon w)\in V$
. $w\in H_{+}$ (i):
$\sigma(\epsilon)=\int_{\Omega}|\nabla(u+\epsilon w)|^{2}dx+\lambda q\int_{\Omega}|u+\epsilon w|^{1-q}dx-p\int_{\Omega}|u+\epsilon w|^{p+1}dx$ , $\epsilon\geq 0$
$\sigma(0)=\sqrt{}’’(u1)>0$ $\epsilon\in[0, \epsilon 0)$ $\sigma(\epsilon)>0$ $\epsilon_{0}$
$\epsilon>0$ $s_{\epsilon}(u+\epsilon w)\in U$ $s_{\epsilon}>0$ $\epsilon\in[0, \epsilon 0)$
$I(u+\epsilon w)\geq I(s_{\epsilon}(u+\epsilon w))\geq Iu$ .
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(ii): $C^{\infty}$- $\alpha$ $(t, a, b, c)\in(0, \infty)\cross \mathbb{R}^{3}$ $\alpha(t, a, b, c)=at-\lambda bt^{-q}-ct^{p}$
$\frac{\partial\alpha}{\partial t}(1,$ $\int_{\Omega}|\nabla v|^{2}dx,$ $\int_{\Omega}|v|^{1-q}dx,$ $\int_{\Omega}|v|^{p+1}dx)=J_{v}’’(1)<0$ ,
$\alpha(t_{\epsilon},$ $\int_{\Omega}|\nabla(v+\epsilon w)|^{2}dx,$ $\int_{\Omega}|v+\epsilon w|^{1-q}dx,$ $\int_{\Omega}|v+\epsilon w|^{p+1}dx)=\sqrt{}’(v+_{\overline{\mathrm{C}}}wt_{\zeta})=0$ , $\epsilon\geq 0$
4. $w\in H_{+}$ $u^{-q}w,$ $v^{1}w\in L^{1}$ (\Omega )
$\int_{\Omega}(\nabla u\nabla w-\lambda u^{-q}w-u^{p}w)dx\geq 0$ $\int_{\Omega}(\nabla v\nabla w-\lambda v^{-q}w-v^{p}w)dx\geq 0$
$u,$ $v>0$
. $w\in H_{+}$ 3(i) $\epsilon>0$
$\frac{\lambda}{1-q}\int_{\Omega}\frac{|u+\epsilon w|^{1-q}-|u|^{1-q}}{\epsilon}dx$
$\leq\frac{1}{2}\int_{\Omega}\frac{|\nabla(u+\epsilon w)|^{2}-|\nabla u|^{2}}{\epsilon}dx-\frac{1}{p+1}\int_{\Omega}\frac{|u+\epsilon w|^{p+1}-|u|^{p+1}}{\epsilon}dx$
$\epsilon\downarrow 0$ .
$x\in\Omega$ $\epsilon\downarrow 0$ $(|u(x)+\epsilon w(x)|^{1-q}-|u(x)|^{1-q})/((1-q)\epsilon)$ $\coprod$
$\lim_{\epsilon\downarrow 0}\frac{|u(x)+\epsilon w(x)|^{1-q}-|u(x)|^{1-q}}{(1-q)\epsilon}=\{$
0 $w(x)=0$
$(u(x))^{-q}w$ (x) $w(x)>0$ $u(x)>0$
$\infty$ $w(x)>0$ $u(x)=0$
$u^{-q}w\in L^{1}$ (\Omega ) $\int_{\Omega}(\nabla u\nabla w-$
$\lambda u^{-q}w-u^{p}w)dx\geq 0$
$v$ $\epsilon>0$ $t_{\epsilon}(v+\epsilon w)\in V$ $t_{\Xi}$
$\epsilon>0$ $I(t_{\epsilon \mathrm{i}}(v+\epsilon w))\geq Iv\geq I(t_{\epsilon}v)$
$\lambda t1-q\int_{\Omega}\frac{|v+\epsilon w|^{1-q}-|v|^{1-q}}{(1-q)\epsilon}dx$
$\leq\frac{t_{\epsilon}^{2}}{2}\int_{\Omega}\frac{|\nabla(v+\epsilon w)|^{2}-|\nabla v|^{2}}{\epsilon}dx-\frac{t_{\epsilon}^{p+1}}{p+1}\int_{\Omega}\frac{|v+\epsilon w|^{p+1}-|v|^{p+1}}{\epsilon}dx$










. w $\Omega$ $0\leq w_{n}\leq(\varphi-u)^{+}$
$\{w_{n}\}$ $(\varphi-u)^{+}$ $\{w_{n}\}$ $\subset H_{0}^{1}$ (\Omega ) 4 $\varphi$
$0<t^{p+q}\leq\lambda q/p$ $d/dt(\lambda t^{-q}+t^{p})\leq 0$
0\leq $\int$\Omega (\nabla u\nabla w $\lambda u^{-q}w_{n}-u^{p}w_{n}$ ) $dx- \int_{\Omega}(\nabla\varphi\nabla w_{n}-\lambda\varphi^{-q}w_{n}-\varphi^{p}w_{n})dx$
$=- \int_{\Omega}\nabla(\varphi-u)^{+}\nabla w_{n}dx-\int_{\Omega}((\lambda u^{-q}+u^{p})-(\lambda\varphi^{-q}+\varphi^{p}))w_{n}dx$
$\leq-\int_{\Omega}\nabla(\varphi-u)^{+}\nabla w_{n}dx$
$narrow\infty$ $\int_{\Omega}|\nabla(\varphi-u)^{+}|^{2}dx\leq 0$ . . $u\geq\varphi$ $\text{ }$
$v\geq\varphi$
6. $u$ $v$ (1.1)
. $\psi\in C_{0}^{\infty}(\Omega)$ 5 $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi$ $u\geq\delta$ $v\geq\delta$
$\delta>0$ 3 $\epsilon>0$
$I(u+\epsilon\psi)\geq Iu$ $\epsilonarrow+0$ $t_{\Xi}arrow 1$ $t_{\epsilon}$ $t_{\epsilon}(v+\epsilon\psi)\in V$
$0 \leq\lim_{\epsilonarrow+0}\frac{I(u+\epsilon\psi)-Iu}{\epsilon}=\int_{\Omega}\nabla u\nabla\psi dx-\lambda\int_{\Omega}\frac{\psi}{u^{q}}dx-\int_{\Omega}u^{p}\psi dx$
$0 \leq.\lim_{\Leftrightarrowarrow+0}\frac{I(t_{\epsilon}(v+\epsilon\psi))-Iv}{\epsilon}\leq\lim_{\epsilonarrow+0}\frac{I(t_{\epsilon}(v+\epsilon\psi))-I(t_{\epsilon}v)}{\epsilon}$
$= \int_{\Omega}\nabla v\nabla\psi dx-\lambda\int_{\Omega}\frac{\psi}{v^{q}}dx-\int_{\Omega}v^{p}\psi dx$
$\psi\in C_{0}^{\infty}(\Omega)$ $u$ $v$ (1.1)
$u,$ $v\in C^{\infty}(\Omega)$ Brezis-Kato
Moser $u,$ $v\in L^{\infty}(\Omega)$ $\Omega$ $u<v$
[3] 1
3
3 . (1.1) $u$ $h(t)=\lambda t^{-q}+t^{p}$
$t\in(0, |u|_{\infty}]$
$ct^{-q} \geq\max${ $h$ (s): $t\leq s\leq|u|_{\infty}$ }
$c>0$ $|u|_{\infty}$ $u$ $L^{\infty}$ $\overline{u}>|u|_{\infty}$
$\overline{u}$
$\theta_{0}(s)=\{$
$\overline{u}(2s-s^{2-\mu})$ $0\leq s\leq 1\emptyset$
$\overline{u}$ $s$ \geq 1
.
$\theta(s)=\theta_{0}(\gamma s)$ $\gamma>1/a$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi\subset\Omega$ $\psi\in C_{0}^{\infty}(\Omega)$
$- \int_{\Omega}\nabla(\theta(d))\nabla\psi dx=-\int_{\Omega}\theta’(d)\nabla d\nabla\psi dx$
$=- \int_{\Omega}\nabla d\nabla(\theta’(d)\psi)dx+\int_{\Omega}\theta’’(d)|\nabla d|^{2}\psi dx$
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$\leq\int_{\Omega}$ (K0’(d)d$-\mu+\theta’’(d)$ ) $\psi dx$
$\triangle$ (e(d)) $\leq\theta$” $(d)+K\theta’(d)d^{-}’$ in $\Omega_{1/\gamma}$
-A(/?(d)) $-c(\theta(d))^{-q}\geq-y2\theta_{0}’’(\gamma d)-\gamma\theta_{0}’(\gamma d)Kd^{-\mu}-c(\theta_{0}(\gamma d))^{-q}$
$\geq(\gamma d)^{-\mu}(\gamma^{2}(2-\mu)(1-\mu)\overline{u}-2\gamma^{1+\mu}K\overline{u}-c(2\overline{u})^{-q})$ in $\Omega_{1/\gamma}$
$\gamma>1/a$
$-\Delta$(e(d)) $-c(\theta(d))^{-q}\geq 0$ in $\Omega_{1/\gamma}$
$w=u-\theta(d)$
$0= \int_{\Omega}(\nabla u\nabla w^{+}-h(u)w^{+})dx$
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